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Abstract 

We extend 2n-dim biconformal gauge theory by including Lorentz- 
scalar matter fields of arbitrary conformal weight. We show that for a 
massless scalar field of conformal weight zero in a torsion-free biconformal 
geometry, the solution is determined by the Einstein equation on an n- 
dim submanifold, with the stress-energy tensor of the scalar field as source. 
The matter field satisfies the n-dim Klein-Gordon equation. 



1 Introduction 

Recently, we developed a new gauge theory of the conformal group, which solved 
many of the problems typically associated with scale invariancc [Q. In partic- 
ular, this new class of biconformal geometries has been shown to resolve the 
problem of writing scale-invariant vacuum gravitational actions in arbitrary di- 
mension without the use of compensating fields In the cited work, we wrote 
the most general linear vacuum action and completely solved the resulting field 
equations subject only to a minimal torsion assumption. We found that all 
such solutions were foliated by equivalent n-dimensional Ricci-flat Riemannian 
spacetimes. 

Reference left an open question: how are matter fields coupled to bicon- 
formal gravity? A priori, it is not at all obvious that any action for biconformal 
matter permits the same embedded n-dim Riemannian structure that occurs for 
the vacuum case since biconformal fields are 2n-dimensional. Indeed, in the case 
of standard n-dim conformal gauging ( §-1^), we generally require compensat- 
ing fields to recover the Einstein equation with matter (see, for example, ||^-|^). 
To answer this question for biconformal space, in the present work we extend 
the results of by introducing a set of Klein-Gordon-type fields (f)"^ of confor- 
mal weight m into the theory. Using the Killing metric intrinsic to biconformal 
space, we write the natural kinetic term in the biconformally covariant deriva- 
tives of 0™ and find the resulting gravitationally coupled field equations. Then, 
for the case of one scalar field </> of conformal weight zero, we completely solve 
the field equations, under the assumption of vanishing torsion. We find that, 
as before, the solutions are foliated by equivalent n-dim Riemannian spacetime 
submanifolds whose curvatures now satisfy the usual Einstein equations with 
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scalar matter. The field 4>, which a priori depended on all 2n biconformal coor- 
dinates, is completely determined by the n coordinates of the submanifolds and 
satisfies the submanifold massless Klein-Gordon equation rj'^'^DcDdfj) = 0. 

Thus, the new gauging establishes a clear connection between conformal 
gauge theory and general relativity with scalar matter, without the use of com- 
pensating fields. 

The structure of the paper is as follows. In the next section, we extend 
the applicability of the biconformal dual introduced in and establish how to 
write the usual kinetic action for scalar fields of arbitrary conformal weight us- 
ing differential forms. Then, in Sec. (3) we find the field equations resulting from 
this action coupled to the linear gravity action introduced in [||. Interestingly, 
these equations together with previous results show that pairs of scalar mat- 
ter fields of conjugate conformal weight provide a source for the Weyl vector. 
Next, restricting to the case of a zero- weight scalar field. Sees. (4) and (5) give 
the solutions for the curvature and connection, respectively, of the background 
geometry in the case of vanishing torsion. Finally, in Sec. (6), we examine the 
field equations and other constraints on the matter field. 



2 The biconformal dual and inner product 

For full detail on the new conformal gauging we refer to [Q. We will use the 
same notation as in 

The Minkowski metric is written as 77^^ = diag{l ... 1, —1), where a,b, . . . = 
1, . . . ,n. We denote the connection components (gauge fields) associated with 
the Lorentz, translation, co-translation, and dilation generators of the confor- 
mal group 0{n,2), n > 2, as the spin-connection wJJ, the solder-form a;", the 
co-solder- form uja, and the Weyl vector Wq, respectively. The corresponding 
0{n, 2) curvatures (a, 6, . . . = 0, 1, . . . , 71) are referred to as the curvature 
ri^, torsion ri" = Hg, co-torsion fla = 11°, and dilation Hq, respectively, and 
are defined by the biconformal structure equations, 

fi^ = du;^ - u;ga;? - A^,W^ (1) 
r2" = du;° - - u^^u" (2) 

fta = dlVa - i^li^b - i^ai^o (3) 

= du^^o-uj^ua, (4) 

where A'^^ = (5^5|^ — r]°-^r]^d. In all cases differential forms are bold and the 
wedge product is assumed between adjacent forms. The position of any lower- 
case Latin index corresponds to the associated conformal weight: each upper 
index contributes -t-1 to the weight, while each lower index contributes —1. 

Biconformal space is the 2n-dimensional base space of the 0(n, 2) princi- 
pal bundle with homothetic fiber, first constructed in Each biconformal 
curvature may be expanded in the (a;°,a;h) basis as 

^-¥i.^"' + ^^' + ¥t'-'ca. (5) 
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where we use the convention of writing 

^ab...c ^ ^a^b . . . ^ A w'' A . . . A u;^ 

The three terms of eq.(|^) wih be called the spacetime-, cross-, and momentum- 
term, respectively, of the corresponding curvature. 

Any r-form U (r < 2n) defined on the cotangent bundle to biconformal 
space can be uniquely decomposed into a sum of (p, g)-forms, 

r 

u = ^ ^ Up r— pj 

each of which is of the form 

Up,, - ^ ■'''^"^■■■"^ 6, ip,q<n, p + q = r) (6) 
and has conformal weight p — q. For example, a 1-form can be written as 

V = UaUj'' + U^UJa^UAi^^, (7) 

where capital Latin indices denote both upper and lower lower-case Latin in- 
dices. 

Biconformal space possesses a natural metric. 
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which is obtained when the non-degenerate Killing form of the conformal group 
0(n, 2) is restricted to the biconformal base space. The Killing metric defines 
a natural inner product between two 1-forms U and V: 

(U, V) = Ik^^'UaVb = \ (C/"K + V'Ua) (8) 

Notice that, because the metric is essentially 51, whenever we sum an upper 
with a lower index we have implicitly used the Killing metric. 

In [2], we demonstrated that when the indices of the 2n-dimensional Levi- 
Civita symbol are sorted by weight, it may be written as the product of two 
n-dimensional Levi-Civita symbols of opposite weights: 

where the mixed index positioning indicates the scaling weight of the indices, 
and not any use of the metric. The Levi-Civita tensor is normalized such that 
traces are given by 

&i---bpCp+i---c„ _ |/ _ n)^^^^'"^v 
fcai---apCp+i---c„fc — P-{"- P)-"ai-ap^ 

where the antisymmetric (5-symbol is defined as 

cbi---bp ^ r[fci ^ ^ ^ rhp] 

ai-'-Qp — ai ap ' 
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Using the Levi-Civita tensor, the scale-invariant volume form of biconformal 
space is given by: 

c5 — c- bi---bn ai...a,i 

Notice that despite the mixed index positions, £ai---a^^ '^'^ totally antisym- 
metric on all 2n indices. 

We now define the biconformal dual of a general r-form. Let Up,, be an 
arbitrary {p, q)-ioTm as denoted in (^. Then the dual of Up^q is an {n — q, n—p)- 
form, also of weight p ~ q, defined as 

*TT = '^(P' ^) TT bi---bg ai---a„ 6,+i---b„ 

plqlin - p)lin - q)\ ^a,^,-a^, 

where 

T[P,q)- j (_^)„(p+9) -f 
This choice of t{p, q) guarantees that for any r-form U, 

**U = (— i)'"("^'")u 

and that for two arbitrary {p,q)- and (g, j))-forms, Up ,j and Vg ^, respectively, 

where we again assume wedge products between forms. It is then easy to show 
that for any two r-forms U and V, the product U*V is proportional to the 
volume form $ and 

r r 

TJ*V — Y^TI *V — 'S^V *TJ — V*TJ 

p=0 p=0 

because Up ,,_p*Vr_5,q vanishes unless p — q. 

Now let U be a general 1-form as in (7). Then 

**U= (-l)"-iU 

and 

itt*tt — (nil 
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U*U =i-i^C/,C/"*. (9) 



Thus, by eq.(8), the term U*U is proportional to the inner product (U,U): 

U*U = (U, U) * =^K^i^UaUb^. (10) 

We are now ready to build the biconformal theory of scalar matter. Let 0™ 
be a set of massless Lorentz-scalar fields of conformal weight m G Z [10] and 
D(/)™ be their biconformally covariant derivatives defined by 

= d</)'" + ma;>™. (11) 
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This covariant derivative is a 1-form which is also of weight m and can be 
expanded as 

Since the dual operator preserves the conformal weight, *D^^™ must be of 
weight —m, so that every term in the infinite sum 

mez 

is of conformal weight zero. Using (|lO|) we see that 

for every m. We have thus arrived at the Weyl-scalar- valued action 

Sm = f^J2f D0'"*D0-™ = iA^^ J2 I K^''DA<P'''DB<f>-"'^. (12) 

We shall make use of the 'dual' form of Sm when we vary the action with respect 
to the field and with respect to the connection, whereas the form of Sm that 
explicitly displays the dependence on the Killing metric proves more useful in 
varying the base forms. 



3 The linear scalar action 

In a 2ri-dimensional biconformal space the most general Lorentz and scale- 
invariant action which is linear in the biconformal curvatures and structural 
invariants is 

first introduced in ||^. We will always assume non- vanishing q, (3, and 7. For a 
set of massless Lorentz scalar fields (j)™ of weight m with kinetic term Sm given 
by (12), we have 

S^Sm + Sg. (13) 
Variation of this action with respect to the scalar fields yields the equation 

= 0*00" (14) 

for every m, where 

D*D?i'" EE d*D0" + ma;°*D0™. 
Variation with respect to the connection one-forms gives rise to the following 
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field equations: 



P{n\,-2nfj2) - -Ae, (i5) 

Pin:^-2n^ist) = Ae^ (i6) 

a{-A':fn\, + 2A:lsf^n:i) = O (17) 

ai-Af,n,^' + 2A:f6iln'i) = (18) 

antac + P^",bc = -ATbc (19) 

2iani^, + pn'',:,)6tUAi = AT? (20) 

anl"" + pn^'"' = XT'"" (21) 

2ian'il + (]nl:,)S:UAt - AT? (22) 



wliere tlie matter sources are given by 
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= m(j)^^ Dh(j) 
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and we have defined 

A? = {a{n - 1) ~ f3 + jn')St 

Note that since ttie spin connection does not occur in the covariant derivative 
(pi]), Si^<^Sm = 0, and there is no matter contribution to eq.(p^) or (p^. Com- 
bining equations (^0|) and ( |2^ ) we see that the latter can be replaced by 

= ^Tc- (23) 

We remark that the biconformal structure equations together with eqs.(15)- 
( p^ may be used to express the torsion and co-torsion in terms of the connection, 
the Weyl vector, and (here) the matter fields 0™. In [|| it was observed that 
constraining the torsion to vanish also forces the Weyl vector to vanish, but this 
conclusion no longer holds with matter present. This suggests that setting the 
torsion to zero is not an undue constraint as assumed in Ig], but rather, that the 
Weyl vector vanishes unless there are appropriate matter fields present. Taking 
this view, we are free to assume Jl"^ = 0. Then, there exists a gauge in which 
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the Weyl vector is given in terms of covariant derivatives of the fields by 



.0 1 A \ ^ iniT^i-m 

° (n ~ l)(n ~ 2) 13 ^ ^ ' 

Notice that u)q = unless conjugate weights, +m and —m are both present. 

We will explore such dilational sources further elsewhere. Here, since our 
goal is to derive the usual form of the Einstein equations with scalar matter, it 
is sufficient to restrict our attention to the case m = 0. Thus, for the remainder 
of this paper we restrict to the case of a scalar field cj) of conformal weight zero. 
Then, the covariant derivative is simply the exterior derivative 

D(/) EE d0 = u}^dA(t), 

so the field equations reduce to 

= *d*d0 (24) 

- n\a-2nfj2 (25) 
= nJ>^-2n^Xc (26) 

together with eqs.(0)-(|2|), where = 0, 9'' = and 

Tab = da4> db(j) = Tba 

T"'' = d^ct) d''4> = T'"'. 



4 Solution for the curvatures 

We now find the most general solution to these equations subject only to the 
constraint of vanishing torsion. As discussed above, this condition no longer 
implies a vanishing Weyl vector. The Weyl vector nonetheless vanishes because 
of our choice to consider only zero conformal weight matter. 

Despite vanishing torsion, the general approach to solving the field equa- 
tions follows that of iQ. Starting with a general ansatz for the spin connection 
and Weyl vector, we first solve the torsion and co-torsion equations, eqs.(p5|, 
p6|) and eqs.(0 ^8|). The Bianchi identity following from the vanishing torsion 
constraint and field equations ([l9|)-(^) then determines the form of the curva- 
ture and dilation. In Sec. (5), we show that the vanishing torsion constraint also 
leads to a foliation by n-dimensional flat Riemannian manifolds. By invoking 
the gauge freedom on each of these manifolds, we show the existence of a sec- 
ond foliation by n-dimensional Riemannian spacetimes satisfying the Einstein 
equations with scalar matter. 

To begin, we write the spin connection o;^ as 

a;^' = <+/3^ + 7? (27) 
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with and (31 defined by 

da;" = a;''< + iri"^^a;fae 
da;a = ;3|ja;fc + 

Using this ansatz in structure equations (|^) and (|^), 17"''^ and Vlabc remain re- 
lated to derivatives of the solder- and co-solder forms, whereas the other torsion 
and co-torsion terms are algebraic in the components of a^,/3^, 7^, and 0;°. 
Thus, the separation of the connection allows us to solve the torsion/co-torsion 
field equations (||), (ll), (0), and @ algebraically. 

We simply state the result of this reduction here. More detail is available in 
[||. Defining 

<^b = Ol-b - Pb = (^bc^ + 

and setting 

= 0, 

field equations (H), (ll), (0), and @ imply 

a;" = 



'be 



= 



with no assumption concerning the co-torsion, curvature, or dilation. From 
these we find 



The co-torsion cross- and momentum terms reduce to 



= 



be be eb 

— CF„ — CJ„ , 



so that the full co-torsion is 

— \^acd<^"^ + fj^^a;f,c 

with 

al^ - 0. 

The spacetime co-torsion VLabe remains undetermined. 

Next, wc turn our attention to the curvature and dilation equations, eqs.([l9|)- 
(p3[). The vanishing torsion constraint makes it possible to obtain an algebraic 
condition on the curvatures from the Bianchi identity associated with eq.(^. 
Taking the exterior derivative of eq. (|^) gives 

U3^ni = usTtl, (28) 
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which implies for the curvature components 

n°'"^ = (29) 

n'^"'^ = (30) 

^°0d - -Tlh^Ta (31) 
- lh^id^fe-~^X (32) 
^Ocd = T^i^Lc-^cad) (33) 

Next, we impose field equations (|l9|)-(p^) onto these conditions and see that eq. 
( pi] ) is satisfied by virtue of eqs.(p9[) and ( |30| ) if and only if 

SO that 

d> = 
= 0. 

Imposing eqs.(|20|) and (^2|) onto ( |3l] ) now yields for /3 ^ (n — 1)q; 
Since = 0, this reduces to 

Imposing eq.(19) onto ( ^3|) yields 
f^Shc = 

If the first of these conditions is substituted back into ( p8| ) , we obtain the cyclic 
identity on the spacetime curvature: 

%cd} - 0. 

Summarizing the forms of the dilation and curvature so far we have for the 
generic case 



with 



"[bed] 







(35) 
(36) 



(37) 
(38) 
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We now use the vanishing of the Weyl vector to obtain further constraints on 
fig and JIJJ. Substituting the restricted form of the dilation ( ^5| ) into structure 
equation (^), 

we see that 

^'ob = K- (39) 

The last equation has to be equal to the dilation crossterm as given by eq.(34), 
which implies x — a relationship between the constants a, f3, and 7: 

7« ^ _^ 



a{n — I) — f3 



Hence, the volume (7) term must necessarily be present in the action. Thus, in 
the generic case, where 

(3^in- l)a; (3 ^ i(n- 2)a, 

we have a two-parameter class of allowed actions, differing only in the constant 
^. Through eq.(p2|), eq.(|39|) also implies that 

We have now satisfied all of field equations (|l^)-(|2^). The curvatures take 
the form 



r2" = (40) 

Via = al^LObc + ^^abcUj''' (41) 

f^o = a;a^" (42) 

fa _ Iqo 

^b — 2 "bed'' 



= ^ni.u:^" ^ Afiu^^u^" (43) 



subject to the constraints 

^[bed] = 

= 
d> = 

Notice that the dilation is necessarily non-degenerate, but may not be closed. 

In the next section, we find further constraints on the curvatures arising 
from the structure equations. 
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5 Solution for the connection 



While eqs.(Q)-(43) for the curvatures satisfy all of the field equations, they 
do not fully incorporate the form of the biconformal structure equations as 
embodied in the Bianchi identities. Therefore, in this section, we turn to the 
consequences of the form of the curvatures on the connection. 

So far, we have established that in the as yet unspecified original gauge the 
Weyl vector vanishes and the spin connection is fully determined by the solder 
form uj": 

u;0 = 



Substituting the reduced curvatures into eqs.(|i|)-(^) (eq.(||) is identically satis- 
fied by (|4|)), the structure equations now take the form 

dat = cylc,: + ^ni.u;^" (44) 
duj" = uj''cxt (45) 
do;, = a'^LOb + a'^'i^bc + l^abc^''"- (46) 

We observe that eq.(^) is in involution. By the Frobenius theorem, we can 
consistently set to zero and obtain a foliation by submanifolds, where the 
spin connection and the co-solder form reduce to 



fa = ^a\u>'^=0 



= ^6 tc 



f-b |W=0 — "^6 



Then each submanifold is described by the reduced structure equations 

^ c a 

dfa = "affc + o'a^bc- 

Since the spin-connection is involute, there exists a Lorentz gauge transforma- 
tion such that = on each submanifold, i.e. a^'^ = 0. With this gauge choice 
the system reduces to simply 

df„ = a^^fb,. (47) 

This can be solved in the usual way giving ij'^ in terms of fa and df^,. Since 
this solution has the same form on each leaf of the foliation, the expression for 
a^^ remains vaHd when it is extended back to the full space, i.e. a^^ depends 
on the 2n biconformal coordinates only through its dependence on f^. 

The existence of an olI = gauge depends only on vanishing torsion, which 
leads to an involution of the solder form a;° and the resulting Bianchi identity, 
eq.(28). Therefore, the results of Sec. (4) remain valid in the a^J = gauge. 
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Returning to the full biconformal space, we now have a gauge 



U3"- = e" 

such that the spin connection is 

while the co-solder form may be written in terms of fa and an additional term 
linear in the solder form, 

= fa + /^afce^ (48) 

Notice that while fa depends on all 2n coordinates of this extension, it remains 
independent of the 1-forms e". This means that df^ remains at least linear in 
fa, and is consequently involute. We can therefore turn the problem around, 
setting fa = to obtain a second foliation of the biconformal space. We can 
define in terms of this involution, setting 

ha = u;a|f,=o = habe'', 

with hab arbitrary. The structure equations for the fa = geometry are 

da^ = ala^^ + '^ni,e^^ (49) 
de"" = e''al (50) 
dha = al^e-hb + a'^^hbc + ^nabce"' (51) 

Eq.(51) determines ha once the spacetime co-torsion, flatc, is given, with 
little consequence for the rest of the geometry. We focus our attention on the 
first two equations. Since they are unchanged from their full biconformal form, 
the curvature 

Ra — 1 C)a ^cd 
b = 2^^bcd^ 

and connection (and of course e", by the first involution) are fully determined 
on the n-dimensional fa = submanifold. Thus, is the usual spin connection 
compatible with e", while is its curvature. If we let 

Rah = ^^ach' 

then the Bianchi identity following from (49), 

DR^ = 0, 

implies that the tensor 

Gab = Rab ^ 2^abR 

is divergence-free. 

Now that fi^^j, is seen to be the Ricci tensor of an underlying n-dim sub- 
manifold, it follows from the remaining condition (|3^), 

Rab — ab 

K = 
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that these submanifolds satisfy the Einstein equations, 

Gab = uTab, (52) 

with the divergence-free stress-energy tensor given by derivatives of the matter 
field: 

Tab = da4>db4> - \r]^f^-q''^dc4>de(l>- (53) 

Even though the co-torsion has a nonvanishing spacetime projection, the curva- 
ture is the one computed from the solder form a;" alone. This is our principal 
result, establishing a direct connection between general relativity with scalar 
matter and the more general structure of biconformal gauge theory with scalar 
matter. 



6 Constraints on the matter field 

We have seen that the Bianchi identity associated with eq.(H) with vanishing 
torsion together with field equation (|2l|) imply 



d''</) = 

or 

d<?!> = ui^dact). (54) 

We now show that this implies that the scalar field (j) depends only on the n 
coordinates spanning each leaf of the f a = foliation and identically satisfies its 
own field equation. 

Based on the involution for a;" there exist n coordinates of weight -f 1 
such that 

= e °da;^ 

with the component matrices necessarily invertible. From eq.(45), we imme- 
diately find that = e^(a;). Similarly, it can be shown from the involution 
that there exist n complementary coordinates Ui, of weight — 1 such that takes 
the form 

Since both fa and dy^ completely span the co-tangent bundles of the = 
submanifolds, the component matrices fjj^ are also necessarily invertible. Thus, 
{x^,y^) form a complete set of local coordinates on biconformal space. If we 
expand d0 in this coordinate basis, we obtain 

where (9^, 9'^) denote derivatives with respect to (a;^, y^). Equating this general 



form with the derived form (54) 



d(l> = e°(x)da</)da;'', 
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we see that cf> = (t>{x). Hence, the scalar field is entirely defined on the n- 
dimensional Riemannian spacetime. 

Using eq.(^) to expand the co-solder- form as 

it is now easy to show that 

d''(t) = 0=> d^daft) = 0. 

This result, together with the vanishing torsion constraint and eqs.(^)-(^), 
imply that the field equation for (j), eq.(|24|), is identically satisfied. 

However, the field is constrained by the fact that the stress-energy tensor 
(53) is, by eq.(^), proportional to the divergence- free Einstein tensor and hence 
must be itself divergence-free. Since 

the stress-energy tensor is divergence-free if and only if 

v'^D.Dd^ = 0. 

This establishes that the scalar field satisfies the free Klein-Gordon (wave) 
equation on the n-dimensional spacetime. 

7 Conclusions 

We have developed aspects of the theory of scalar matter in biconformal space. 
Using the existence of an inner product of 1-forms and a dual operator, we con- 
structed an action for a scalar matter field (j)"^ coupled to gravity and found the 
field equations. We solved them for the case of a scalar field of conformal weight 
zero in a torsion-free biconformal geometry. As in the vacuum case, the generic 
solutions are foliated by equivalent n-dimensional Riemannian spacetime man- 
ifolds. The curvature of each submanifold satisfies the usual Einstein equations 
with scalar matter. The scalar field is entirely defined on the submanifold and 
satisfies the rt-dimensional massless Klein-Gordon equation. 
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